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ABSTRACT

The theoretical photometric function for the lunar
surface previously proposed by the author, which success-
fully predicted variations of brightness for areas between
selenographic longitudes of iﬁoo, has been improved so
that it betbter agrees with observations in the limb regions.
The modification consists of wrinkling the porous, open
surface of the previous model into a series of steep-
sided depressions. For formal, mathematical reasons,
the depressions used are cylindrical troughs whose axes
are parallel to lines of luminance longitude. However,
the primary requirement is that the surface must be
densely covered ("~ 90%) with features whose walls make
steep angles (.2 45°) with the local horizontal, and
that these walls must be visible even at glancing angles.
This model is consistent with radar-reflection data
which indicate that the moon is rough on a sub-centimeter
scale. Hence, the size of these depressions 1s inferred
to be centimeters and millimeters. These features are
probably primary and secondary meteorite craters and
ejecta debris, which saturate the lunar surface on a

small scale.




the layer. The scattering objects have an albedo sufficiently
small that only singly-scattered rays of light contribute
appreciably to the brightness of the surface. On a
scale large compared with the size of the scatterers the
surface was taken to be flat and featureless.

The back-scattering properties of this layer were
then explained in Paper I as being due to two effects.
(1) When an observer looks parallel to the direction of
incident radiation he sees only fully illuminated surfaces,
but when he looks in any other direction he sees surfaces
partly illuminated and partly in shadow. Thus the area
is brightest when the source and detector are aligned.
(2) For a surface riddled with deep tunnels pointing in
all directions, such as the model of Paper I, the
direction opposite to that of the incident radiation is
a preferred direction for escape of a reflected ray. A
bundle of light rays entering the surface will be attenuated
by blocking and scattering on its way in, but the light
scattered from deep in the interior of the layer and
reflected directly back toward the source can escape
wilthout attenuation. The same will be true for rays
reflected into the small cone about the direction of
incidence, the cone of non-attenuation being narrower
for rays reflected from deeper under the surface.

These effects were described mathematically in
Paper IT. 1In the present paper a relatively minor modi-

fication in the model is introduced which will be seen
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to extend the agreement of the theoretical function with
observations to the limb regions of the moon. The modifi-
cation consists of wrinkling the macroscopic surface,
which was assumed to be flat and horizontal in the old
theory, into a series of depressions or other steep-—
sided features. The implications which this modified
model has for the fine-scale structure of the lunar
surface is discussed in the last section of the paper.

The manner in which the Gehrels opposition effect
(Gehrels, et al 1964) can be incorporated into the

theoretical function is also discussed.

II. THE PHOTOMETRIC FUNCTION

1. The General Function

It was shown in Paper I that the amount of light
received by a detector on the earth scattered from a
region on the lunar surface can be written in the form

E = B, adw —3;2; og(a,pB,8) (1)
wherez
EO = intensity of incident radiation at the surface,

a = light-sensitive area of the detector,
dw = solid angle of acceptance of the detector,
b = total reflectivity of a particle of the lunar soil

(Bond albedo),

g = the photometric function (by definition g = 1 when

g=0),



@ = luminance longitude,
B = luminance latitude,
g = phase angle.
The angles a, B, and g refer to the selenographic coordinate
system based on the instantaneous positions of the sub-
earth and sub-solar points rather than to a grid-system fixed
with respect to the lunar surface (it will be noted that
the notation of this paper is somewhat different than
that used in Paper I in order to conform with common usage).
It was shown in Paper I that the photometric function
can be written in the general form:
#(a:8,8) = L{a,8) 3 (2)B(e) (2)
In equation (2) B is the retro-directive function
which describes the back-scattering due to the effects

of blocking and shadowing within the lunar soil:
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The parameter h determines the sharpness of the brightness
peak near full moon and is related to the porosity of the
lunar soil. The retro-directive function is plotted
versus g for several values of h in Figure 1. Most areas
on the moon apparently can be described by values of h

between 0.4 and 0.8.
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The function E: , describes the average angular
scattering function of a single particle of the lunar
soil:

Y (g) = [(sin/g/ + (m - Jgy )cos/g/)/v + 0.1 (1 - cos/g/)?]
The first term of (4) is the Schoenberg function, which
i1s the scattering function of a sphere)each of whose
elements reflect light in accordance with Lambert's law;
the same function also describes the average scattering
characteristics of particles of arbitrary shape having rough,
diffuse surfaces oriented at random. The Schoenberg
function is plotted as curve C in Figure 2. The second
term of (4) is an empirical forward-scattering term
describing light transmitted through the particle. It
was found necessary in Paper I to add a term of this type
to 2: in order to match Rougier's curve of the integrated
light from the moon. The complete expression for Z
is plotted as curve A of Figure 2.

The function L in (2) is a reflection function
describing the effect of surface geometry on the bright-
ness for a surface which is porous on a microscopic
scale but whose large-scale topology is a flat horizontal
plane; L is the Lommel-Seeliger law:
L(ayg) = cos(a+g)/[ cosa + cos (a+g)] (5)
The improvement in @ will be seen to consist of a modification
of the form of L.

The theoretical function described by equations (1) -

(5) agrees with observations of most areas of the lunar

(%)
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surface; this function has the properties cof increasing
sharply in brightness at full moon, of being independent
of selenographic latitude, and at g = O of being indepen-
dent of o and B.

Equations (1) - (5) describe the brightness of that
portion of a flat locally horizontal surface seen by a
detector which accepts light from within a small solid
angle dw. It was shown in Paper I that the light scattered

into the detector from an increment of surface area dA is

dE = B —5— bdodA S92 1 CO5 £ 57 (g)B(e) (6)

cos 1 4+ cos ¢

where d) is the solid angle subtended at dA by the detector,
€ is the angle of observation, and i is the angle of
incidence. For a spherical surface €, i, and dQdA are related
to a,:f8, and adw through
cos € = cos B cos a, cos i = cos B cos (a+g) (7)
dfidAcose madw = = (8))

The differential photometric function (6) was
integrated in Paper I over all areas of the lunar sphere
which are both visible and illuminated to give an expression

for the integrated light of the moon.

Y
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Where 2. and B are given by (3) and (4), respectively, and
I(g) =% [l - sin -L%-‘— tan L—%—' 1n (cot J%—’—) (10)



2. The Improved Photometric Function

The major discrepancies between the forms of ¢
as given in Paper I and observations of the lunar surface
occur at large values of Ja|. For regions with |Ja| greater
than aliout TOO ¢ is unity at full moon, but as g increases
from zero and the sun moves towards being overhead at
these regions ¢ continues to increase and grows to a
broad maximum which is shifted towards local noon. This
prediction is in contrast to photometric observations
(Fedoretz, 1952; Van Diggelen, 1958) which show that even
the 1limb regions are brightest at full moon. This
anomolous behavior of @ is illustrated by the dashed
curves of Figure 3 in which the old @ has been plotted
versus a for a few positive values of g.

In Paper I it was suggested that the limb discrepancy
was due to the model incorrectly specifying the manner
in which the density of scattering particles of lunar
soil changes at the apparent surface. The model has
the particle density changing everywhere in step fashion
from zero to full value at the interface, whereas it was
thought that on the moon the change would be more gradual.
However, the foregoing cannot be the cause of the incorrect
behavior of @ because such an effect would be apparent
for [Bl near 9OO as well as when Ial is near 900. Further-
more, the discrepancy cannot be removed by altering
either Elor B (for instance by choosing a smaller value

of the sharpness parameter h), since such action would
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cause the agreement with observations near the center of
the lunar disK to become poor. Hence a re-examination
of the form of L is necessitated.

An obvious over-simplification in Paper I was the
assumption that the macroscopic surface is locally flat
and horizontal. If the Ranger pictures are representative
of the moon's.surface, the lunar topography. appears to be
dominated by craters. Also, radar studies indicate that
on a scale larger than a few centimeters the surface of
the moon is smooth and gently undulating)but that on a
smaller scale the surface is rough (Evans and Hagfors,
1964). It is intuitively apparent that distorting the
surface from local flatness will decrease the 1limb bright-
ness, for, if surfaces which are tilted toward the observer
are visible in the limb regions their brightness will be
the same as that of a surface which i1s located at a
smaller longitude.

A number of types of distortion of the surface
were initially considered. Most were rejected either
because of analytical difficulties or because the
resulting brightness curves did not match the lunar
observations. For instance, aomes or oth
which are convex-upward are not capable of reducing the
1limb brightness, because when viewed nearly parallel to
the surface mainly the topsof thesstructurés are visible
and these tops are horizontal; thus the 1limb brightness

of a surface covered with domes is not very different from

e e imaaa @ aiiiititmomme
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one which is everywhere flat and horizontal.

The obvious type of feature to introduce is a
hemispherical crater; however the purely formal mathematical
difficulties of integrating the differential brightness
from various points of the crater when it is located off
the luminance equator prevented the use of such a model.
The type of structure finally adopted was a cylindrical
depression whose axis is everywhere parallel to lines of
luminance longitude. Such a feature is not as artificial
as it may at first sight appear due to the special property
of @ of being independent of latitude. If a surface is
titlted in such a manner as to change only its apparent
latitude its brightness will be unchanged; only a tilt
which alters its apparent longitude will change its
brightness. Thus the variation in brightness of a
spherical cavity will be similar to that of a short section
of cylindrical troughs provided both are covered with a
material having a differential photometric furiction of
the type. described by equation 6.

The main difference will be due to variances in the
details of the shadows cast within the structures Qy
their rims. However, since for a material with a lunar
type of photometric function the brightness is determined

largely by the small=scale porous structure and not by

the large scale topography, the effects of shadow differences

will be small.

The model adopted is shown in Figure 4. A fraction
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f of the surface is assumed to be occupied by cylindrical

depressions whose axes are aligned with lines of longitude.

The half angle of the depressions is vy; that iglv is

the maximum departure of the slope of the local surface

from the horizontal. The areas between depressions are

flat and horizontal. All portions of the surface

are assumed to have the brightness law given by equation (6).
The integration of equation (6), using (7) and (8),

over those portions of the surface of Figure 4 which are

both visible and illuminated is straightforward. The

result is that the brightness E is given by equations

(1) and (2) in which 2 and B are unchanged but in which

the form of L has been replaced by the following function.

~ 1 - f + £
L(a,g) = Ky =1 + cosa/cos (a+g) K> 2cosg cosa siny
2
o [cos (a+ig)sin(v+ie)- }eing g 1, cos(a+jg)+sin(y+kg)|
g ) 2 cos(a+jg)-sin(y+kg)l (11)

where Kl’ KE’ J and k have different values depending on
a and g: the (a,g) plane is divided into six regions,
which are shown in Figure 5, and the values of Kl’ Kg, J

and k in each region are given in Table I.

The new photometric function contains three independent
parameters, h, f and v, which must be fitted to the observa-
tions. The data fitted was that of Fedoretz (1952), as
reduced to averaged relative brightness contours by

Herriman, Washburn, and Willingham (1963) of the Jet

Propulsion Laboratory. Preliminary estimates of these



parameters were obtained as follows. It wa
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s noted that

for areas near the cghter of the disk @ is relatively

independent of f and 7v;

that is, for areas observed nearly

normally, the manner in which brightness varies with

phase depends primarily on the microrelief and porosity

of the surface and is only slightly affected by the larger

scale depressions. This fact is illustrated in Figure 3

where @ is shown for f

=0, vy =0 and for f

Hence to determine h the function with f =

= 0.9, v = 45O~

0, vy = 0, was

fitted by eye to the JPL curve at a = O. This gave h = 0.40

+ .05,

The corrected expression for I has a particularly

simple form near the limb, which is fortunate since the

corrections are most important in these regions. Thus

f and v were determined simultaneously by eye-fitting the

theoretical expression

with h = 0.04 to the

JPL curves

at the limb. Thisgave f = 0.90 + .05 and v = 45O.i 5°.

The estimates of error are subjective estimates only.

This procedure is subject to criticism on the grounds

that very few observations exist for areas

and the JPL curves are

of a. However, visual

photometrically unique

extrapolations from

on the 1imb
smaller values

indicate anything

about the limb regions, and such

an extrapolation is probably reasonably valid (Minnaert,

1962).

The improved photometric function is shown in

Figure 6 along with the JPL curves.

The main differences
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between the two sets of curves are seen to lie near the
terminator where, again, there are few data points available
but where, now, extrapolation is difficult because the
brightness changes rapidly. The improved function is

also plotted in Figures 7 and 8 along with the data points
of Fedoretz as corrected for normal albedo by Parker, EE_EE.
(1963). The agreement between the observations and the

theory is seen to be quite reasonable.

5. The Opposition Effect

Recently Gehrels and his co-workers (Gehrels,
Coffeen, and Owings, 1964) have shown that the brightness
of the moon increases sharply very close to full moon.

The intensity of reflected sunlight at 0%5 phase angle

is over 25% greater than at 5° phase angle. This
"opposition effect" has been confirmed by Van Diggelen
(1965). Oetking (1965) has recently observed that a

large number of terrestrial materials display a similar
brightness surge, although the effect is generally less
pronounced than for the moon. The cause of the opposition
effect is presently rather obscure. There appear to be

no reasons to expect such a sharp, narrow peak in the
scattering patterns of individual particles. Intensity
peaks‘in Mie theory diagrams are invariably much broader.
The diffraction pattern of a particle large compared with
the wavelength of light may be quite narrow, but this peak

is in the forward direction only. While certain optically-
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perfect objects, such as corner reflectors, could in

principle account for the opposition effect it is unreasonable

to expect the entire lunar surface to be covered with them,
and in any case they would not long retain their reguired
degree of optical perfection under micrometeorite bombard-
ment.

The only obvious remaining explanation is that the
brightness surge is due to the effects of shadow=casting
and is thus in the same category of phenomena as the back-
scatter effect discussed previously. Indeed, Gehrels,
Coffeen and Owings (1964) were able to fit their data
by the photometric function of Paper I with h = 0.05,
where h is the parameter in the retro-directive function
B(g) (equation (3)). However, while using h = 0.05
gives agreement between theory and observation for phase
angles less than about 20° an unacceptable discrepancy
is introduced for larger phase angles.

The opposition effect can be introduced into the
present theory in a rather natural manner if it 1s assumed
that the particles of the lunar soil are not simple,
dense grains having largely convex surfaces, but are
instead extremely porous and irregular.. Gault and his
co-workers (Gault, et al, 196%) have procdueed such particles
by hyper-velocity impact into a porous medium (pumice).
Also, anyone who has worked with powders in which the
average particle size is a few microns or less is aware

that the common tendency of such powders is to form porous
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clumps consisting of many thousands of smaller particles.
This clumping is due to the inter-molecular adhesive
forces which act between grains.

On the model proposed here the opposition effect
is presumed to arise by shadowing within the different
portions of a complex particle. Hence the effect can be
introduced into the theoretical photometric function
through altering the form of 2. . The individual particle
of the model now consists of sub-units randomly arranged
intc a structure of high porosity; thus the form of the
average scattering function of such a particle will be
very similar to equation (9) for the integrated bright-
ness of the moon plus a term to take forward-scattering

into account. The new form proposed for X is:

Ei(g) = % [} 51ni——tan'g’ (cotl%L{] G(g)B(g)+O.1(l—coslgI)%}

(12)
where B(g) is given by equation (3) with h = 0.05,
and o(g) is the average scattering function of a sub-unit

of the clump. The function

[}—sinlg' tan'g’ln cot—HL-] + 0.1(1- coSlg/)

has been plotted as curve B of Figure 2; it will be noticed

that this curve 1is quite close to curve A, which is a plot
of equation (4), the original form of 2 . From Figure 1
it is seen that the curve of B(g) with h = 0.05 is close to
unity except for phase angles less than about 50, where

the brightness suddenly doubles. Hence if form (12)
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is used for J with h = 0.05 and o(g) = 1, the resulting
photometric function will be virtually unchanged from
that shown in Figures 6, 7, and 8 except for a surge in
brightness for phase angles smaller than about 50,
Setting o(g) = 1 implies that the sub-particles are
isotropic scatterers, which is reasonable for small,

irregular, transluscent grains.

ITIT. DISCUSSION
The theoretical lunar photometric function proposed

in Paper I,which describes the variation of brightness

of areas over most of the lunar disk, has been modified

so that it more nearly agrees with observations of 1limb
areas. The new photometric function is given by equation
(2), whose components are given by equations (3), (4)

and (11) and Table I. The modification consists of
replacing equation (5) by equation (11). These expressions
contain three fitable parameters h, f and v; h is related
to the porosity of the lunar soil and governs the sharpness
of the backscatter peak; f is the fraction of the surface
occupied by depressions; v is the effective maximum angle
which the walls of the depressions make with the local
horizontal. Best values of these parameters are h = 0.40,
f = 0.90, v = sin 45°. The opposition effect can be
included, if desired, by replacing equation (4) by equation
(12) in which h = 0.05 and o(g) = 1. These parameters are
averages for the;, entire lunar surface, '

Equation (12) is based on a model which assumes
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that the opposition effect is due to shadowling within
complex, porous clumps of lunar rock powder; however the
author does not wish to assert the correctness of this
model too strongly, particularly in view of Oetking's
(1965) findings that less complicated surfaces will
display the opposition effect. The use of equation (12)
is proposed mainly because it correctly describes the
effect and also because it can be introduced into the
theoretical photometric function without making assumptions
which are too unnatural and ad hoc.

The remainder of the model on which the function
is based is felt to be a realistic representation of
the lunar surface. The small-scale morphology of the
surface of the moon is presumed to be one in which particles
(or porous clumps of particles) are arranged into an open,
porous lattice which is optically-thick. The surface
formed by thls porous layer is not flat, but 1s warped
into a multitude of steep-sided structures. Purely for
reasons of mathematical simplicity these structures are
taken to be cylindrical depressions whose axes are aligned
with lines of luminance longitude. However, the primary
regquirement is that, even when viewcd from a direction
nearly parallel to the ground, many areas are visible
which contains a large component of tilt in the direction
of the observer; any surface having similar topological
properties will possess a similar photometric function.

The size of these structures on the lunar surface
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is estimated to be of the order of a few centimeters and
smaller, Jjudging from the radar-scattering behavior of
the moon at short wavelengths (Evans and Hagfors, 1964).
Although the radar data allow an estimate of the scale
of the structures, they are not able to specify many
details of shape other than that the surface is rougher
than at longer wavelengths. From the photometric model
1t 1s possible to reject a topology which is dominated
by convex-upward structures, such as domes, ridges or
boulders, since when such a surface is viewed at glancing
angles mainly the tops of the domes are visible and these
are nearly horizontal. The dominant morphology of the
surface is probably concave-upward.

The most likely nature of the structuresis that
they are primary and secondary impact craters. This
picture of the lunar surface would be consistent with
the Ranger photographs, except that on the scale of
meters and larger which can be resolved by Ranger the
surface is far less than 90% covered with craters, and
slopes as high as 450 are extremely rare., However,
Shoemaker (1965) estimates that on a scale of centimeters
and millimeters the lunar surface is saturated with craters
and debris from impacts of primary and secondary meteorites.
Also, on a large scale the soil 1is likely to be essentially
cohesionless, and slumping and soil creep will prevent
the preservation of slopes larger than the angle of

repose of the material. But on a small scale even a
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moderate amount of cohesion in the soil would allow highly-
tilted surfaces to be common. The value of 45° for Y

is some sort of a weighted average of the slopes visible
at glancing angles and, hence, surfaces with tilts larger
than 450 are probably common. The picture of the lunar
surface which emerges from this discussion is a land-
scape somewhat reminiscent of a sandy beach after a

rain storm: that is, on a scale of meters and larger
the surface is smooth and undulating with relatively
gentle slopes and an occasional crater, but on a scale
smaller than a few centimeters the surface is completely
covered with craters and ejecta splatter patterns.

A possible alternative to the nature of the small-
scale roughness has been proposed by T. Gold (private
communication), who suggests that these features are
erosion patterns built by electrodynamic processes acting
on the lunar dust. The relevant scale-length of possible
electrical transport mechanisms would be that of the
electric field due to photoelectrons ejected from the
lunar surface, which would be of the order of centimeters.
On a scale large compared with the photoelectric charge
layer height, transport would act to smooth the surface,
but on a scale small compared with this height, complex
patterns due to local electrical and topological conditions
could cause considerable roughness. Although this
suggestion as to the nature of the roughness is considered

to be much more speculative than is an impact morphology,
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it cannot presently be completely ruled out.
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TABLE T
Region Definition fg_ E;_ E_ E_
0 -F¢asi (Z-x)c LT 0 0 - -
1 e (G-v-a)ses (F-a) 1 1 1 3
2 (-F+v)sas(Z-v), 0ocgs(F-v-a) 1 1 % o0
3 -%SaﬁGgﬁw),OSgsig-%ﬂ) 1 1 o %
v -Lcasefey), Gova)ges(y) 1 1 %1
5  -z2aSEZ+v), (m-v)2e2(% - a) 1 0 - -

*
Only values appropriate to g 2 0 are given explicitly in
this paper. The photometric function is symmetric with

respect to a simultaneous change of sign of a and g.
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FIGURE CAPTIONS

Figure 1. Retro-directive function versus phase angle
for various values of the parameter h; B(g) =1

for 90° ¢ g < 180% B(-g) = B(g)e

Figure 2. Angular scattering functions of a single
average particle versus phase angle. Curve A -
sphere whose surface elements scatter according to
the Lambert law plus the forward scattering term;
curve B ¢ sphere whose surface elements scatter
according to the Lommel-Seeliger law plus the forward
scattering term; curve C ¢ Lambert law sphere alone
(Schoenberg function); curve D¢ Lommel-Seeliger law

sphere alone.

Figure 3. Theoretical photometric function versus
luminance longitude for several values of phase
angle. Dashed curves ¢ old theoretical function;

solid curves & improved function.

Figure 4. Photometric model of the lunar surface.

i
1e S\’

rface material is open and porous.

Figure 5. Regionsin (a,g) plane for use with Table I

in equation (11). See note in Table I.

Figure 6. Photometric function versus luminance longitude
for various phase angles. Solid curves: theoretical

function of this paper; dashed curves 2 empirical
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JPL function of Herriman, et al (1963), based oh data -

of Fedoretz (1952). See note in Table TI.

Figure 7. DNormalized brightness of lunar surface areas
as a function of longitude for several phase angles.
Solid line :: theoretical photometric function of
this paper; points ¢: data of Fedoretz (after Parker,

et al (196%)). See note in Table T.

Figure 8. Normalized brightness of lunar surface areas
as a function of longitude for several phase angles.
Solid line & theoretical photometric function of this
paper; points ¢ data of Fedoretz (after Parker,

et al (1964)). See note in Table I.
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